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What is a Categorical Flow ?

Given a category 𝒞︀ , a flow is a functor 𝐹 : [0, ∞[→ End(𝒞︀) with a semigroup structure: 𝐹0 ≅
𝟙𝒞︀  and 𝐹𝜀𝐹𝜀′ ≅ 𝐹𝜀+𝜀′ . In other words, the following diagram commutes:

𝜑

𝐹𝜀

𝐹𝜀𝜑

𝐹𝜀′

𝐹𝜀+𝜀′𝜑

𝐹𝜀 𝐹𝜀′

(𝐺, 𝑓) 𝐹𝜀(𝐺, 𝑓) 𝐹𝜀+𝜀′(𝐺, 𝑓)

(𝐻, ℎ) 𝐹𝜀(𝐻, ℎ) 𝐹𝜀+𝜀′(𝐻, ℎ)
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How to make a Smoothing Flow ?

We have a natural flow 𝜂 : ([0, ∞[, ≤) → End(𝒞︀), 𝜀 ↦ 𝜂𝜀 built with quotients:

(Id, 0) 𝑞

𝜂𝜀

(Id, 0) 𝑞

𝜂𝜀

𝜑

(𝜑, Id)

𝑆𝜀𝜑

(𝐺, 𝑓)

(𝐺 × [−𝜀, 𝜀], 𝑓 + Id)

𝑆𝜀(𝐺, 𝑓)

(𝐻, ℎ)

(𝐻 × [−𝜀, 𝜀], ℎ + Id)

𝑆𝜀(𝐻, ℎ)
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Reminder

Given two Reeb graphs (𝐺, 𝑓), (𝐻, ℎ), an 𝜀-interleaving between (𝐺, 𝑓) and (𝐻, ℎ) wrt 

𝑆𝑚 is a pair of maps 𝜑𝜀, 𝜓𝜀 such that the following diagram commutes:

𝑆𝜀

𝑆𝜀

𝑆𝜀

𝑆𝜀

𝜑𝜓 𝑆𝜀𝜑𝑆𝜀𝜓

(𝐺, 𝑓)

(𝐻, ℎ)

𝑆𝜀(𝐺, 𝑓)

𝑆𝜀(𝐻, ℎ)

𝑆2𝜀(𝐺, 𝑓)

𝑆2𝜀(𝐻, ℎ)

𝑑𝐼((𝐺, 𝑓), (𝐻, ℎ)) = inf{𝜀 ≥ 0 such that there exists an 𝜀-interleaving wrt 𝑆}.
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Extending with Truncated Smoothing

How to preserve properties under truncation ?

For 𝑡-tailed and 𝑠-safe graph:

• Empty if ‖Im(𝑓)‖
2 < 𝜏 − 𝜀 ;

• Connected when 𝜏 < 𝑡 ;

• 𝑇 𝜏  and 𝑆𝜀 commute if 𝜏 < 𝑠.
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Truncated-Smoothing Interleaving

How to make a Truncation Flow ?

We have a natural “reverse” flow 𝜈 : ([0, ∞[, ≥) → End(𝒞︀), 𝜏 ↦ 𝜈−𝜏  built with 

inclusions:

𝜑

𝜈−𝜏

𝜈−𝜏𝜑

𝜈−𝜏

𝑇 𝜏(𝐺, 𝑓) (𝐺, 𝑓)

𝑇 𝜏(𝐻, ℎ) (𝐻, ℎ)
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Combine Both

By combining 𝜂 and 𝜈 , we obtain a flow 

with 2 generators:

𝜔 : (𝜀, 𝜏) ↦ 𝜔−𝜏
𝜀 = 𝑆−𝜏

𝜀 = 𝜈−𝜏𝜂𝜀 = 𝜂𝜀𝜈−𝜏

Problem: 𝜔 can only decrease truncation !
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How to make a Flow with Increasing Truncation ?

It can be shown that Im(𝜂𝜏 : 𝑆0
𝜀−𝜏(𝐺) → 𝑆𝜀)(𝐺) = 𝑆𝜏

𝜀 (𝐺). 

From there, we can build:

𝜂𝜀−𝜏 𝜂𝜏

𝜌

𝜂𝜀

𝐺 𝑆0
𝜀−𝜏(𝐺) Im(𝜂𝜏(𝑆0

𝜀−𝜏)) 𝑆𝜀

Possible for 𝜏 ∈ [0, 𝜀] ⇒ for 𝑚 ∈ [0, 1], we have a flow

𝑆𝑚 : ([0, ∞[, ≤) → End(𝒞︀), 𝜀 ↦ 𝑆m𝜀
𝜀 .
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Flow

Given two Reeb graphs (𝐺, 𝑓), (𝐻, ℎ), an 𝜀-interleaving between (𝐺, 𝑓) and (𝐻, ℎ) wrt 

𝑆𝑚 is a pair of maps 𝜑𝜀, 𝜓𝜀 such that the following diagram commutes:

𝑆m𝜀
𝜀

𝑆m𝜀
𝜀

𝑆m𝜀
𝜀

𝑆m𝜀
𝜀

𝜑𝜓 𝑆m𝜀
𝜀 𝜑𝑆m𝜀

𝜀 𝜓

(𝐺, 𝑓)

(𝐻, ℎ)

𝑆m𝜀
𝜀 (𝐺, 𝑓)

𝑆m𝜀
𝜀 (𝐻, ℎ)

𝑆2m𝜀
2𝜀 (𝐺, 𝑓)

𝑆2m𝜀
2𝜀 (𝐻, ℎ)

𝑑𝑚
𝐼 ((𝐺, 𝑓), (𝐻, ℎ)) = inf{𝜀 ≥ 0 such that there exists an 𝜀-interleaving wrt 𝑆𝑚}.
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Truncated-Smoothing Interleaving

Properties

• Extended pseudo-metric ;

• Strong equivalence: ∀𝑚 ≤ 𝑚′ < 1, 𝐶1𝑑
𝑚
𝐼 ≤ 𝑑𝑚′

𝐼 ≤ 𝐶2𝑑
𝑚
𝐼  ;

• Lipschitz-stability: 𝑑𝑚
𝐼 ≤ 𝐶‖𝑓 − ℎ‖∞ ;

• Strongly equivalent to distortion distance, Bottleneck distance ≤ 5𝑑𝑚
𝐼 .
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Perspectives

• Computing approximations of interleaving distances ;
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Truncated-Smoothing Interleaving

Perspectives

• Computing approximations of interleaving distances ;

• Finding optimal bounds for strong equivalence ;

• Prove convergence of algorithms ;

• Improve resistance to noise ;

• Truncated-smoothing preserves planarity of Reeb graphs ;

• Unify the ever growing family of Reeb graph metrics.
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