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What is a Categorical Flow ?

Given a category C, a flow is a functor F' : [0, oo[— End(C) with a semigroup structure: F, =
1. and FLF,, = F___,. In other words, the following diagram commutes:

g

(G, f) » FL(G, f) » K (G, f)
2 F;:SO F;+€/Q0

(H, h) » F.(H, h) » . (H,h)

e




How to make a Smoothing Flow ?

We have a natural flow  : ([0, co[, <) — End(C), € + n, built with quotients:

(G x [—¢,¢], f+1d)

(Id, 0) q
/go, Id) 7. \

(G, f) » 5.(G, f)

h e

0 (H x[-e,el,h+1d)  S.¢

My \
L Me

(H, h) > S.(H, h)




Reminder

Given two Reeb graphs (G, f), (H, h), an e-interleaving between (G, f) and (H, h) wrt
S™ is a pair of maps ¢_, 1. such that the following diagram commutes:

’ SZ&“(H? h)

d;((G, f),(H,h)) = inf{e > 0 such that there exists an e-interleaving wrt S'}.



Extending with Truncated Smoothing
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Smoothing + Truncating



How to preserve properties under truncation ?

o

S
N
~ T7S5.(G, f) connected,

(.
7?') (t+ 2e — 7)-tailed, and
x max(0, s + & — 7)-safe

S A7 (G, f) connected

T75:(G, f) = S T7(G, f)

(Gf) gTOSO(Gf) ?

For t-tailed and s-safe graph:
: Emptyifw <T—¢;
- Connected when 7 < t;

- T7and S, commute if 7 < s.



Truncated-Smoothing Interleaving



How to make a Truncation Flow ?

We have a natural “reverse” flow v : ([0, o[, >) — End(C), 7 — v__ built with
inclusions:

T7(G, f) » (G, f)

T7(H,h) © > (H, 1)



Combine Both

TA

By combining n and v, we obtain a flow
with 2 generators:

w:(e,T)—w.T=8"=v_n =n.v_,

Truncation

Problem: w can only decrease truncation !

(G, f)

0 Smoothing

(N Y



How to make a Flow with Increasing Truncation ?

It can be shown that Im(n,. : S?__(G) — S.)(G) = ST(G).

TA From there, we can build:
Ne—r N:
G —+ 80,(G) —— Im(n, (S°_,) — S,

p

::

Ne
(G, f) .
: > Possible for 7 € [0,¢] = for m € [0, 1], we have a flow
0 Smoothing €

S™: (]0,00[, <) = End(C), e > STe.



Flow

Given two Reeb graphs (G, f), (H, h), an e-interleaving between (G, f) and (H, h) wrt
S™ is a pair of maps ¢_, 1. such that the following diagram commutes:

me me
Se Se
\

(@) > S37(G. f)

- me
Secp

(H,h) » SZmE (| )

d7'((G, f),(H,h)) = inf{e > 0 such that there exists an e-interleaving wrt S™}.
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Properties

- Extended pseudo-metric;
- Strong equivalence: Vm < m’ < 1,Cd7* < d7 < Cod™;
- Lipschitz-stability: d7* < C||f — h| o ;

- Strongly equivalent to distortion distance, Bottleneck distance < 5d7".
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Perspectives

- Computing approximations of interleaving distances;

- Finding optimal bounds for strong equivalence;

- Prove convergence of algorithms;

- Improve resistance to noise;

- Truncated-smoothing preserves planarity of Reeb graphs;

- Unify the ever growing family of Reeb graph metrics.
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