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SE(3) Diffusion Model with Applications to Protein Backbone Generation

Representation of the protein backbone

A frame 𝑋 ∈ ℝ3 is positioned via 

a rigid transformation,

𝑇 ⋅ 𝑋 = 𝑅𝑋 + 𝑥

with,

{

𝑇 = (𝑅, 𝑥) ∈ SE(3)

𝑅 ∈ SO(3)
𝑥 ∈ ℝ3
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Goal: diffusion on SE(3)𝑁
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Reminder on diffusion processes

Transform initial distribution 𝑝𝐼  into data distribution 𝑝𝑇

Denoising equations:

Forward equations: 𝑋̇𝑡 = 𝑏𝑡(𝑋𝑡) + 𝑑𝐵𝑡, 𝑋0 ∼ 𝑝𝑇

Fokker-Planck: ̇𝑝𝑡 = ∇∗𝑝𝑡𝑏𝑡 + Δ𝑝𝑡

Backward equations: 𝑋̇𝑡 = −𝑏𝑡(𝑋𝑡) + ∇𝑋 log 𝑝(𝑋𝑡)⏟
score

+ 𝑑𝐵𝑡, 𝑋0 ∼ 𝑝𝐼

Score approximation: ∇𝑋 log 𝑝(𝑋𝑡) = 𝔼𝑋0 | 𝑋𝑡
[∇𝑋𝑡

log 𝑝(𝑋𝑡 | 𝑋0)]
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The group SE(3)

As a group SE(3) = SO(3) ⋉ ℝ3

⇒ (𝑅, 𝑥) ⋅ (𝑅′, 𝑥′) = (𝑅𝑅′, 𝑅𝑥′ + 𝑥)

As a manifold SE(3) = SO(3) × ℝ3

⇒ ⟨(𝑅,𝑥) | (𝑅′, 𝑥′)⟩SE(3) = ⟨𝑅 | 𝑅′⟩SO(3) + ⟨𝑥 | 𝑥′⟩ℝ3
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The group SO(3)
The Lie algebra 𝔰𝔬(3) is the tangent space at 

identity.

Basis of 𝔰𝔬(3):

𝑌1

⏞

(

0

0
0

0
0
1

0
−1
0 )


 

𝑌2

⏞

(

 0

0
−1

0
0
0

1
0
0)

 

𝑌3

⏞

(

0

1
0

−1
0
0

0
0
0)



Exponential map exp : 𝔰𝔬(3) → SO(3):

exp(𝑅) = ∑
𝑘≥0

𝑅𝑘

𝑘!
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Brownian motion on SO(3)

Separation of metrics ⇒ brownian motion splits:

𝐵SE(3) = (𝐵SO(3),𝐵ℝ3)

Sample 𝑧1, 𝑧2, 𝑧3 ∼ 𝒩︀(0, Δ𝑡)

Brownian motion increment: 𝑅𝑡+Δ𝑡 = 𝑅𝑡 exp(∑𝑖 𝑧𝑖𝑌𝑖)

⇒ Associated Fokker-Planck equation ?
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Parametrization of SO(3)
Axis-angle parametrization: 𝑅 = exp(𝜃𝐾) with

{

𝜃 ∈ [0, 2𝜋]

𝐾 = ∑𝑖 𝑒𝑖𝑌𝑖
𝑒 = (𝑒1, 𝑒2, 𝑒3) ∈ 𝕊2

Rodrigues formula:

exp(𝜃𝐾) = Id + sin(𝜃)𝐾 + (1 − cos(𝜃))𝐾2

Inverse:

{

𝜃(𝑅) = cos−1(Tr(𝑅)−12 )
𝐾(𝑅) = (𝑅32−𝑅23)𝑌1+(𝑅13−𝑅31)𝑌2+(𝑅21−𝑅12)𝑌2

2 sin(𝜃)
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Representations and characters of SO(3)

𝑙-dimensional representation 𝜌 : SO(3) → GL(𝑉 ) with dim(𝑉 ) = 𝑙, respecting

{𝜌(𝑅𝑅′) = 𝜌(𝑅)𝜌(𝑅′)
𝜌(𝑒) = Id

𝑙-dimensional character 𝜒𝑙 : SO(3) → ℝ associated with 𝜌:

𝜒𝑙(𝑅) = Tr(𝜌(𝑅)) =
sin((𝑙 + 1

2)𝜃(𝑅))
sin(1

2𝜃(𝑅))

Peter-Weyl theorem: (𝜒𝑙)𝑙 is orthonormal basis of 𝐿2(SO(3))

⇒ 𝑓 = ∑𝑙 𝑑𝑙𝜒𝑙
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The Laplace-Beltrami operator

For 𝑓 ∈ 𝐶∞(SO(3), ℝ):

ΔSO(3)𝑓(𝑅) = ∑
𝑖

𝜕2
𝑡 𝑓(𝑅 exp(𝑡𝑌𝑖))

Its eigenfunctions are the characters:

{
ΔSO(3)𝜒𝑙 = 𝜆𝑙𝜒𝑙
𝜆𝑙 = −𝑙(𝑙 + 1)

On SE(3), the operator splits:

ΔSE(3) = ΔSO(3) +Δℝ3
10 / 25



SE(3) Diffusion Model with Applications to Protein Backbone Generation

Heat equation on SO(3)

̇𝑝𝑡 = 1
2
ΔSO(3)𝑝𝑡 ⇔ ∑

𝑙
𝑑′

𝑙(𝑡)𝜒𝑙 = 1
2

∑
𝑙

𝑑𝑙(𝑡)ΔSO(3)𝜒𝑙

⇔ ∑
𝑙

𝑑′
𝑙(𝑡)𝜒𝑙 = −1

2
∑

𝑙
𝑑𝑙(𝑡)𝑙(𝑙 + 1)𝜒𝑙

⇔ 𝑑′
𝑙(𝑡) = −1

2
𝑙(𝑙 + 1)𝑑𝑙(𝑡)

⇔ 𝑑𝑙(𝑡) = 𝑑𝑙(0)𝑒−1
2𝑙(𝑙+1)𝑡

Fokker-Planck in SO(3): 𝑝(𝑅𝑡 | 𝑅0) = ∑𝑙(2𝑙 + 1)𝑒
−12𝑙(𝑙+1)𝑡𝜒𝑙(𝑅𝑇0𝑅𝑡)
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Score function on SO(3)
The gradient splits:

∇𝑅,𝑥𝑓(𝑅, 𝑥) = (∇𝑅𝑓(𝑅, 𝑥), ∇𝑥𝑓(𝑅, 𝑥))

Translation gradient is given by:

∇𝑥𝑡 log𝑝(𝑥𝑡 | 𝑥0) =
𝑒−12𝑡𝑥0 −𝑥𝑡
1 − 𝑒−𝑡

For rotations: ∇𝑅𝜃(𝑅) = 𝑅 log(𝑅)
𝜃(𝑅)  so that:

∇𝑅𝑡 log𝑝(𝑅𝑡 | 𝑅0) =
∇𝜃𝑝(𝑅𝑡 | 𝑅0)
𝑝(𝑅𝑡 | 𝑅0)

𝑅𝑇0𝑅𝑡 log(𝑅𝑇0𝑅𝑡)
𝜃(𝑅𝑡0𝑅𝑡)
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Diffusion equations on SE(3)

Forward diffusion:

{



 ̇𝑥𝑡 = −1

2𝑥𝑡 + 𝑑𝐵ℝ3
𝑡

𝑅̇𝑡 = 𝑑𝐵SO(3)
𝑡

(𝑅0, 𝑥0) ∼ 𝑝𝑇

Backward diffusion:

{


 ̇𝑥𝑡 = 1

2𝑥𝑡 + ∇𝑥𝑡
log 𝑝(𝑥𝑡 | 𝑥0) + 𝑑𝐵ℝ3

𝑡

𝑅̇𝑡 = ∇𝑅𝑡
log 𝑝(𝑅𝑡 | 𝑥0) + 𝑑𝐵SO(3)

𝑡
(𝑅0, 𝑥0) ∼ 𝑝𝐼
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Rotation-invariant diffusion

Work on SE(3)𝑁
0 = {(𝑅, 𝑥) ∈ SE(3)𝑁 such that 1

𝑁 ∑𝑖 𝑥𝑖 = 0}

⇒ Centered equations for translations:

Forward centered: ̇𝑥𝑡 = −1
2
𝑃𝑥𝑡 + 𝑃𝑑𝐵ℝ3

𝑡 ⟶
𝑡→∞

𝑃#(𝒩︀(0, 1)⊗𝑁 ⊗ 𝒰︀(SO(3))⊗𝑁)

Backward centered: ̇𝑥𝑡 = 1
2
𝑃𝑥𝑡 + ∇𝑥𝑡

log 𝑝(𝑥𝑡 | 𝑥0) + 𝑃𝑑𝐵ℝ3

𝑡

Theorem: if 𝑝𝐼  is SO(3)-invariant and drift and diffusion coefficients are SO(3)-

equivariant, the backward equations remain SO(3)-invariant and the score 

remains SO(3)-equivariant.
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The score network

The FramePred algorithm predicts a denoised frame:

𝑇 𝑡
0 = 𝑓𝜃

𝑡 (𝑇𝑡)

and optimized to minimize the DSM loss:

𝔼[𝜆𝑡‖𝑠𝜃𝑡(𝑇𝑡) −∇𝑇𝑡 log𝑝(𝑇𝑡 | 𝑇0)‖
2
]

with 𝑠𝜃𝑡(𝑇𝑡) = ∇𝑇𝑡 log𝑝(𝑇𝑡 | 𝑇
𝑡
0)

𝑓𝜃
𝑡  also outputs 𝜓 angles for oxygen atoms.
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Practice: FramePred

Figure 1: Backbone transformer. ℎ𝑙: node embedding, 𝑧𝑙: edge embedding. IPA is SE(3)-invariant.
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Practice: auxiliary losses

To avoid steric clashes or chain breaks at the end of training:

ℒ︀bb = 1
4𝑁

∑
𝑎,𝑛

‖𝑎𝑛 − 𝑎𝑛‖2

ℒ︀2D = 1
𝑍

∑
𝑛,𝑚
𝑎,𝑏

𝑑nm
ab <0.6

‖𝑑nm
ab − 𝑑nm

ab ‖
2

⇒ Allows to train the positioning of oxygen atoms.
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Results: designability

Figure 2: Protocol for computing designability of a generated backbone.
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Results: plots

Figure 3: (A) Designability (scRMSD) against length of the generated backbone for different models. (B) Novelty 

(pdbTM) against designability (scRMSD) for FrameDiff.
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Experiments (1/2): Noise

Figure 4: Noise propagation in both 𝑆𝑂(3) and ℝ3. Blue: 𝑁 , red: 𝐶𝛼, green: 𝐶 , red bond: broken bond.
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Experiments (2/2): Interpolation

Figure 5: Interpolation in 𝑆𝑂(3) and ℝ3. Blue: 𝑁 , red: 𝐶𝛼, green: 𝐶 , peptide bond: - -, red bond: broken bond.
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From diffusion to flow matching

• FrameFlow [1] → ReQFlow [2]

• OriginFlow [3]

• EffieDes [4] / MAProt [5]
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Conclusion & future work

Conclusion

• Rigorous framework

• Samples can generalize beyond the PDB

• ReQFlow → AlphaFold → Lab
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